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ABSTRACT: We consider a D = 4 two-twistor lagrangian for a massive particle that incor-
porates the mass-shell condition in an algebraic way, and extend it to a two-supertwistor
model with N = 2 supersymmetry and central charge identified with the mass. In the
purely supertwistorial picture the two D = 4 supertwistors are coupled through a Wess-
Zumino term in their fermionic sector. We demonstrate how the k-gauge symmetry appears
in the purely supertwistorial formulation and reduces by half the fermionic degrees of free-
dom of the two supertwistors; a formulation of the model in terms of k-invariant degrees
of freedom is also obtained. We show that the k-invariant supertwistor coordinates can be
obtained by dimensional (D=6—D=4) reduction from a D = 6 supertwistor. We derive
as well by 6—4 reduction the N = 2, D=4 massive superparticle model with Wess-Zumino
term introduced in 1982. Finally, we comment on general superparticle models constructed
with more than two supertwistors.
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1. Introduction

The conformal structure of twistor theory (see e.g. [[l]-[H]) implies that relativistic particles
.

e.
described by single twistors are massless [, B, B, fl. To describe massive particles at least
two twistors are needed [fi, B, B, B]-[[[3 (c¢f. [[4]). Indeed, with two D = 4 twistors

ZAi:(Aaia a}a)v =12, a,a=1,2, (11)

)

the standard formula for the composite fourmomentum®

< 1

Do = Awi )\52 y Pu= ﬁpaﬁ'(au)ﬁa ’ (1'2)
implies the algebraic relation
P = pos = IMPP | (13)
where the Lorentz-invariant bilinear?
1 i v LS S
Lyed _ gijyoeu. (i 01 Lk sk 1 o 1 — 0 i Ba _
=Xy el = ) e =95 n general, a,5 = 507 sau, aaﬁf(a,a), o’ =

(6°,—0"),i=1,2,3. Then, a” = %aaﬁal’ for aaﬁa/ﬁ'y = 265 a"a, and aaBbBa =a-b, a® = (a")? - a>
Complex conjugated spinors are denoted by (Aai)* = Aai, etc.
’In [@, @] the variable f = Aa1 A% = %M was used in place of M.



gives the composite complexified mass and breaks the conformal invariance down to the
Poincaré one. To obtain a real mass m it suffices to consider a twistor theory invariant
under the phase transformations

Moi =€ a5 A=A ; (1.5)

by a suitable gauge fixing, a real M — |M| = m is obtained.

Twistorial particle models constructed from several twistors are known [B, []-B; in
particular a two-twistor model was proposed recently to describe free relativistic particles
with mass and spin [[LI]-[L§]. These considerations confirm that the introduction of a
non-vanishing Pauli-Lubanski vector, describing the relativistic spin fourvector in terms of
twistor coordinates, requires at least two twistors [[]. In this paper we extend the two-
twistor particle dynamics by considering two N = 2 supertwistors to describe the degrees
of freedom of our elementary system. The supersymmetric two-twistor geometry will be
arranged in a way that leads algebraically to the condition

==M, (1.6)

where = is the complex central charge of the D=4, N=2 superPoincaré algebra. We
shall use the phase symmetry ([[.§) so that the value M of the central charge Z in ([.G)
becomes a real parameter. An interesting outcome of our approach will be the description
of the fermionic k-gauge transformations in a purely twistorial formulation of the massive
superparticle model. Further, it may be shown that the presence of the mass in the
twistorial framework reduces the conformal supersymmetry realized in terms of the two
N=2 supertwistors to the N=2 superPoincaré symmetry with a composite central charge
given by ([L.4).

The plan of the paper is the following: In section 2 we introduce a massive two-twistor
particle model without supersymmetry using a hybrid spinor/spacetime formulation. We
also present there two other equivalent spacetime and purely twistorial geometry formu-
lations and exhibit their relation with the associated six-dimensional massless particle
model. In section 3 we introduce the N = 2 supersymmetric extension of the bosonic
massive model, with degrees of freedom described by two (i = 1,2) N = 2 (r = 1,2)
supertwistors [[L3]

Zri = (Zaiy i) = Nais @ 4, 0r4) (1.7)

where Z4; and 7,; are, respectively, Grassmann even and odd. This supersymmetric model
will be formulated first in a hybrid spinor /superspace geometric framework [f]. We discuss
(¢f. (6, [q) the constraints and, in particular, the fermionic first class constraints that
generate the k-transformations with odd gauge parameters [, [L9].

Further, we present in section 3 a purely supertwistorial (two-supertwistor) formulation
of our model. Its lagrangian will be the sum of two terms,

(i) a first one describing the free two-supertwistor lagrangian, and

(ii) an additional bilinear term in the fermionic sector which couples the two super-
twistors; this will turn out to be a supertwistorial Wess-Zumino (WZ) term.



The model is completed by adding the Lagrange multipliers that describe its algebraic
constraints.

Section 4 is devoted to quantizing the fermionic sector of the two supertwistor model,
to uncover the quaternionic structure behind it and to calculating the fermionic gauge
k-transformations. These k-symmetries reduce by half (from four to two) the number of
complex Grassmannian supertwistorial degrees of freedom. We find new features of the
two-supertwistor formulation with respect to single supertwistor models: the appearance
of a WZ term and the presence of the fermionic x-gauge transformations associated with the
non-physical fermionic degrees of freedom in the multi-supertwistorial formulation. If we
impose the quaternionic SU(2) Majorana condition in the fermionic sector, the redundant
degrees of freedom of the two supertwistor coordinates described in the fermionic sector by
the x-transformations can be eliminated. Subsequently, we show also in section 4 that it
is possible to introduce k-invariant fermionic variables which describe the fermionic sector
of our model in terms of two (rather than four) complex odd degrees of freedom. It is then
seen that these k-invariant fermionic variables can be interpreted as the dimensionally
reduced (D = 6 — D = 4) odd components of a six-dimensional complex supertwistor,
satisfying SU(2)-Majorana conditions.

Section 5 exploits the above six-dimensional interpretation of the two-supertwistor
model, using a pair of N = 1, D = 4 (super)twistors to describe a single D = 6 (su-
per)twistor. We perform the D = 6 — D = 4 dimensional reduction by taking the
six-momentum coordinates p4, ps as constants. As a result, we recover the D=4 N=2
massive superparticle model formulated by two of the present authors a quarter century
ago, the first one with mass in the fermionic sector introduced by means of a WZ term [[L§.
The last section provides an outlook. In particular, it is argued there that using N D=4

supertwistors we can extend our construction and obtain a N-supertwistorial model with
N(N-1)
2

N supersymmetries as well as with complex composite mass-like parameters play-
ing the role of central charges. In particular, the D = 4, N = 4 model would be especially
interesting, since its k-invariant formulation could be given by the coordinates of a single

D =10 supertwistor with octonionic structure.

2. Massive particle model from D = 6 and its D = 4 twistorial picture

It is known that D = 4 massive free particle models can be obtained by dimensional
reduction from massless particle ones in D > 4. Because the twistorial mass ([[.4) is
complex, we shall take D = 6 and denote M = py — ips, M = py + ips ((pps P4, ps) are the
six-momentum coordinates) and, similarly, z = z* + i2®, 2 = 2* — iz®. In the first order
formalism, the Lagrangian of a D=6 massless particle can be written as

1 .
L8 = puit 4 S(M2 + M) + g(p2 M), p=0,1,2,3 . (2.1)

Using egs. ([.2) and ([.4) the ‘mixed’ or spinor/spacetime formulation of (R.1) is obtained,
in which 1

L8 = X, i Ny 4 ——
Bi 2\/5

(/\m- A 4+ Aai S\é‘iz;) , (2.2)



. . . 1 : )
where the spacetime vector is expressed as a second rank spinor, x, = 7 (au)ﬁaa; af
(see the first footnote) and the D=6 zero mass shell condition, p*p, = ptpy — |M K = 0
(k=0,1,...,5), is omitted because it is an identity in terms of the spinor variables A\n;, Ag;-

Clearly, the lagrangian (.3) is invariant under the rigid phase transformations ([.§) if the
2’s have a (cf. ([.§)) double U(1) charge,

2 =72y , 7=z . (2.3)

To obtain a purely twistorial description of the lagrangian (R.3) we now introduce

a  —a
i Wi

twistors Z4; = ()\m-,c_u?) the following incidence relations:

. 1.
w%G =1 )\~.xﬁo‘+—)\‘”z>,
a2
. . 1 ..
- . af ot =
W% = =i Agi + —= A" 2], 24
(#7204 55 5) 24
(x8P)T = B (z# real). Eqgs. (R.4) generalize the well known Penrose formula [[l]-[ff]. Using
them, the lagrangian (R.J) can be written as

a new Weyl spinor and its conjugate (w ) and postulate for the components of the

LB = —% <w°;>\m- + i ) + % <w°;- Nai + Aai c‘u%)
= (7420 - 2A2a) (25)
where the scalar product of two twistors is given by
Z4 Zak = w® Aok + Aai@®, (2.6)

with ZZA = (wai, j\dz’)-
One can check, using eqgs. (2:4) and the relations

« 1 Y. \G@ 1 y
)\ai)\j:_ﬁ Ez'jM , )\di)\j:_ﬁ Ez'jM ; (27)
that ;
Z”%ZAjzg(MZ—ME)(Sij. (28)

Since Z“}f Zap =1 (Mz — MZ), it follows that the z, Z coordinates may be removed by the
relations (P.§), which can be rewritten as (see also [f])

_ 1 _
ZY Zaj — 3 0ij 2k Zar, =0, (2.9)

an expression that does not fix the conformal norm of the twistors Z4; but states that the
two norms are equal.

Summarizing, £Z in eq. (B.H) appears as the sum of two free twistor lagrangians,
associated with two non-null, orthogonal twistors having the same non-vanishing length
for M # 0. To specify that the purely twistorial lagrangian (R.H) describes a massive
particle one has to incorporate relations (R.9) and ([.4) by means of suitable Lagrange
multipliers.



3. Two-supertwistor model with D =4, N = 2 supersymmetry and mass

a) Supersymmetrization of the model (R.g) and x-transformations. The ‘hybrid’
or spinor/ spacetime model (B.2) is supersymmetrized by replacing the translation-invariant
differentials dz®®, dz and dz by the corresponding supertranslation-invariant ones on D =

4, N = 2 superspace extenden by a central charge and parametrized by (z, i % %5 Oars O ),
r = 1,2. This is achieved by the replacements?

il e = if i3 (6,05, - 0,68 | (3.1)

P w=44 200,007 | P @=342i04 0% | (3.2)

where a,.b" = a,€"° bs and z, Z play the role of the D=4, N=2 superspace complex central
charge coordinates. These replacements in (P.3) give the supersymmetric lagrangian

- 1 vy
ESUSY — )\ﬁl w:@a )\Oci —+ ﬁ ()\on A w + )\di A% (D) . (33)

The action obtained from (B.) is invariant under the supertranslations of the N = 2
superPoincaré group extended by a complex central charge,

20 = 2P /(e 65 — 6 &) |

0:17“ = 90&7‘ +€ar é{jr = 9_0'47“ + €ar
2 =2+ 200 €, 7 =Z+2i 04 €7,
)\,ai = )‘Oci ) j\i)ﬂ = j‘di ) (34)

which leave \,; invariant. Expression (B.J]) is also invariant under the U(2) internal trans-
formation of the odd superspace coordinates 0., 04,; this symmetry is broken by the w’s
of eq. (B-9) down to the U(2) N Sp(2,C) = USp(2) ~ SU(2) internal symmetry.

The lagrangian (B.J) describes a superparticle in a mixed spinorial/superspace config-

6:8/8)

uration space M parametrized by

MO = (M) = (25,2, X0 362 65) (35)

rTyrr

with 4+2+8 =14 real bosonic and 8 real fermionic coordinates. The canonical momenta
(Tar = OL/062, etc.)

oL
Pm=gam = (Pas 4, T Pais Pai | Tars Tar) , M =1...22 (3.6)

. . . ]
3The v/2 in (@) is needed because in this way w*(7) = %ogﬁwﬁa(ﬂ =gt — i(97‘30569§ — 9’?0569”")
is the pull-back to to the worldline of the particle of the superspace Maurer-Cartan one-form II* = dz* —

i(d@?a“ﬂ_f - 9?056d§£)7 which is invariant under the D = 4, N = 2 superPoincaré transformations in

eqgs. (@3



define the following set of primary constraints:

RaB = paﬁ - )‘Oci )\52 =0 5

1 . M
R =qg———=\i \*=¢q——=0 ,
q 2\/5 q B
_ 1 - - M
R =g——= M \*=gq——=0 ,
q 2\/5 q 9
Ry = Poi = 0 ,
Rsi = pai =0, (3.7)
and (Gdr:_(Gar)+7 ﬁdr:_(ﬂar)+)
Gar = Tar +iV2,5 0% —iM €y oy =0 (3.8)
Gar = Tar + V20 pgs —iM €5 055 =0 . (3.9)

Let us restrict ourselves to the set (B.§), (B.9) of fermionic constraints, which determine
the elements of the Poisson brackets (PB) matrix

Using the canonical PB

{ear 77763} = €afB Ors {Hdry ﬁ,@s} = 66'16'67“8 ) (310)

it follows that the four 4x4 blocks of the Cap matrix are given by (ps, = (paﬁ-)T)

Cap = 2i —€ap €rs M \/557’5 pa,[j
\/§5rs Ppa —€45 €rs M

Using the formula for the determinant of a 2 x 2 blocks matrix,

detC = det A-det(D—-CA™'B) , C= (g g) : (3.11)

one finds that
detC = 22(p® — |M|>)* . (3.12)
The first constraint in (B.7) reproduces eq. ([.9), implying
p?—|M*>=0 (3.13)

(eq. (L.3))), and thus we conclude from (B.19) that the 8x8 PB constraints matrix (B.1]) is
of rank four.



We may now derive four first class fermionic constraints by multiplying respec-
tively (B.§) by p® and (B.9) by €.s M. This gives

_ M _ 7 =
CBT’ :W?paﬁ' +ﬁ€rsﬂ'ﬁ's— \/5 ﬁr(p — |M| ) (314)
Equation (B-I4) determines in principle four complex constraints, but their complex-

conjugate ones are equivalent to them. Indeed, if we multiply the constraints (C’;T, =
~(Cy)

Ppa 777?{ + ﬁers TBs — ﬁeﬁr(p - |M| ) =0, (315)
by p?? we get back the constraints (B.14), plus terms that contain the factor (p> — |M|?).
Therefore our model has effectively only four real first class constraints, which in the 8-
dimensional real Grassmann odd sector of the configuration space (B.) generate four real
odd gauge transformations. These are the r-symmetries of the model (B.3) that eliminate
the unphysical fermionic gauge degrees of freedom i.e., half of the odd N=2 superspace

Car =

coordinates. The explicit expression of these k-transformations, parametrized by a pair of
anticommuting Weyl spinors k., and their complex conjugates K., is given by the graded
Poisson brackets

O O 1= {’%Ecﬁsv 0;} = Hg{cﬁ&eg} = _Ers% s

Orbar = {R?é } =K { Bs’ ar} = _paBR§ )

5Hé? = {’%ﬁcﬁﬁ r} = ’%B{Cﬁmer} ’%,37“ ’
O 08 = {RIC;,, 00} = RI{C,,, 00} M e (3.16)
RUr =R UgesUp g = R Ugg, Uy = Ers\/il‘ig .

If 4, now denotes the variation under both s and &, the variation of the four-dimensional
spinor (6, 0%) is written as

0 Er35 _5rsp : /igs
) < a.’“) — ( “V2 af ) ( . (3.17)
K e} aB (e} 76

67« 57’5]7 67’55[6\/—

The above matrix can be rewritten as the product

v 8 V2, .
—edlgs 0 bl —a¥ir) (3.18)
0 —€r¢ 6(1 52 €ts %pw 5ts(sg

The first matrix just produces a scaling of the k-transformations, and the second matrix is
the sum of the four-dimensional unit matrix plus one with only non-zero 2 x 2 antidiagonal
boxes that squares to one i.e., it is a projection operator. Thus, .0, in eq. (B.17) has the
standard projector structure effectively halving the parameters of the s-transformations.



The behaviour of the remaining configuration space variables (B.5) under , is given by
61 = iV/2(0,60°% 0%, — 62 6,07,
0wz = —2i04, 0 0“7,
0nZ = —2i04 6, 0°7
Sxdai = 0k Aai =0 . (3.19)
These relations differ from eqs. (B.4) by the replacement ¢ — —§,0; the relative minus

sign characterizes k-symmetry as a ‘right’ (local) supersymmetry (see e.g. R(]). The &-
transformations (B.14), (B-19), may be used to check explicitly the s-invariance of the action

based on (B.3).

b) From the hybrid (spinor/spacetime) formulation to the purely super twisto-
rial one. To introduce a purely supertwistorial formulation of the model (B.3), eqs. (B-4)
are further extended in the two supertwistors case by?

_ - _ i .
wit = Xy (@7 —iv26% 6°) + 7 €T(N% 2 + 2iNg; 0°707)
Iy 4 . =4 i iiva - .3 a6 Al
@F = —i(a®’ +iv208 %)\ — 7 €N 2 —2iNg, 65677), (3.20)
which are the generalized incidence relations for the bosonic components of the Z 4; part of
Zpi (eq. (.)). These relations, which involve the fermionic superspace coordinates besides
the real spacetime 2% and complex z variables (cf. eq. (R-4)), have to be complemented
by those affecting the odd composite variables 7,;, 7,; that make up [[L§] the coordinates
triple of the two D=4 N = 2 supertwistors,

ZR— (W, NairTiri) s ZRri= Dai, @, 0p) , i=1,2 (3.21)

where r = 1,2 is the N=2 supertwistor index. Eqgs. (B.2(]) are accordingly supplemented

by (]

Nri = \/590; A , Mri = \/Eédr /_\dz’ . (3.22)
Using ([[.4), the above expressions can be inverted with the result
A% g, e
P — J 0% — _my 3.23
T M ) T M ( )

It follows from the definition (B.29) and from egs. (B.4) that under supersymmetry the odd
supertwistor variables transform as

65777“2' = \/56?)\04' 5 65777“2' - ﬁgﬁj‘az . (324)

Finally we note that, in terms of the fermionic composite coordinates, the w,w compo-
nents (B.20) of the two N = 2 supertwistors can be rewritten as

s 1 .
W% = i Ay 2™ +—sz>+ 0% fpi — 0°T0)
(ﬁz \/5 (0% 7 )

. . 1 _.. _. _.
ot — _z'(:caﬁ Aot + 5 A z) (0% s — 0T (3.25)

1See [E] for similar relations in the framework of D=6 Lorentz harmonics.



which are the supersymmetric generalizations of eqs. (R.4).
The supersymmetric extension (B.3) of the bosonic model (R.4) can be written in
the form

£SUSY _ B (Am- 6% i + Aai 0% n) +i (Megr 6% 1 M 6, 55"> . (3.26)

A calculation now shows (modulo a total time derivative) that, after introducing (B.23),
the purely supertwistorial lagrangian for our model reads

ESUSY — E%USY +£§USY

L5USY = %(Zé Zai — 2% Zai) s

’i . . _ Z . 3 KN ey
ﬁgUSY = ﬁ (77m' Mri — Nri "77‘2') - ﬁ ("77‘2' "7” + i 77”) ) (3‘27)
where the scalar product of the ZZA = (wf, Aai) and Za; = (Mai @f‘) twistors, in which
w, @ are those in (B20), is given by eq. (2:6). Using eq. (B23) it is seen that the £USY
part of £5USY depends only on 7,7, A, X and on the time derivatives of the \’s; all the

dependence of £5YSY on the derivatives of the 7, 7j variables is contained in EgUSY above.
The SU(2,2|2)-invariant product of N=2 supertwistors (B.21)) is defined by®

Z}?ZR]' = Z*Iézx ZAj + \/5 Nri Nrg - (328)

The bosonic subgroup of SU(2,2(2) is SU(2,2) x U(2) ~ SO(2,4) x U(2), of which SU(2,2)
acts on the A indices and U(2) on the index r; each factor preserves the two terms in (B.2§)
independently. Using (B.2§), the lagrangian (B.27) takes the form

’i _ . - Z . ; K3 —re
Lo = o <sz Zp— Zf ZRi) G (i 0™ + 10 0™ - (3.29)

The first term in (B.29) is the free lagrangian for two supertwistors, which are coupled only
through the second term. This last one is the pull-back to the worldline of the supertwistor
space one-form dn n + dfi 7, a potential one-form of the closed, supersymmetry-invariant
two-form dn dn + dn dn and, thus, E%USY is the supertwistorial WZ part of £5Y5Y (for the
geometry of WZ terms, see RJ]). In fact, using 6.1, 5¢7 in (B.24), it is seen that dnn + dijij
is invariant modulo an exact term.

We calculate now, using (B.20), (B-23) and (2.4) the value of the scalar products (B.29),
and obtain

. i _ 1 TR
Zi ZRJ':§(M2—MZ) 5ij_ﬁ(nrin]+nrinj) ) (330)
(cf. (B.9)). Since n,; 1 = 0 due to the 1’s odd Grassmann parity, one obtains

ZR Zp = i(Mz — M%) (3.31)

5The different components of the (super)twistors are not dimensionally homogeneous. In natural units,
N = L2, @] = Lz, [n] = L°; the scalar products of (super)twistors (egs. (@), (B.29)) are, of course,
dimensionless. Note also that (E) implies that the components A, @ and 7 of the (super)twistors transform
in the same manner under a symmetry group acting on the index i that labels the two (super)twistors.



as in the non-supersymmetric case. Proceeding as in section 2 and using (B.31), the con-
straints (B.3() may be rewritten just in terms of supertwistorial variables as

_ 1 _ 1 . .
25 2 = 500 B Zuect 5 (i i 7) =0, (3.32)

which extend those in (R.9) to the supertwistorial case. The constraints (B.33) and the
relations ([L4) that characterize the model (B.29) can be incorporated to it by means of
suitable lagrange multipliers.

We now turn to the fermionic gauge symmetries of our model.

4. k-symmetry and k-invariant formulation of the fermionic sector

Let us consider now the Lo part of the action (B.27) involving the derivatives of the fermionic
variables. Introducing new complex Grassmann variables (7" = ¢"¢% nsj etc.)

§ri = Mri + 77” (&ri = Mri + 77M ) (4.1)

and using the Grassmann nature of n,;, 7,; one gets, up to a total derivative,

Ui ')
EgUSY = ﬁg &ri = ﬁ

If we observe that the variables ([L.1)) satisfy the SU(2)-reality condition representing quater-

Emeijfsjf.m' . (4.2)

nionic structure
fi= €1 =°IE (43
we see that the action (.J) can be written in two different ways,

£5USY = ﬁu N (4.4)

where we have chosen &; = &;; and used ([L.J).
Thus, the fermionic action ({.4) effectively depends on two complex Grassmann vari-
ables only. The k-transformations with Grassmann parameters p,; that satisfy the condi-

tion (cf. () such that p"* = —p,;

7% _

5777‘i = Pri, 577 - Pri ) (45)

leave invariant the variables &, in (1)) as well as the action (B.27). Using in (B.17)
the spinor bilinears ([[.9) for P> and comparing eq. (B-17) with (.§) one obtains, using

egs. (L2), (1) and (B.22),
pri = —MersAF higs + eiij\ﬁ'sfié =—p" . (4.6)

It is easy to deduce the reality condition ({.J) if we assume that the fermionic Grass-
mann sector of the D = 4 supertwistor degrees of freedom is described by a single quater-
nionic D = 6 supertwistor coordinate: its Grassmann sector is given by the odd quater-
nionic variable § = &) + {()e", where ), {) (r = 1,2,3) are four real Grassmann

— 10 —



variables and e"e® = —" + €"%'e!. In the matrix representation obtained by replacing the
quaternionic units by the Pauli matrices,

1—0" |, € o —io" |, (4.7)

the quaternionic variable £ becomes the 2 x 2 matrix (u = 0,7)

Co0e i | &0 e —i€a) — €@
§=0¢0) —10'¢y (-if(l) L o+t > . (4.8)
It is trivial to check that &, as given by the elements of the matrix ([L.§) satisfies the
subsidiary condition ([£3); clearly, the hermitian matrix £ describes the conjugate quater-
nion § = §) — §ye". We see therefore that our supertwistor model, described by the
lagrangian (B.27), reflects the quaternionic structure inherent to the D = 6 geometry. The
k-transformations in our formulation with two independent complex D = 4 supertwistors
represent the redundant degrees of freedom which disappear if we passtothe N =1, D =6
quaternionic supertwistor coordinates.
The complex Grassmann coordinates &, (= &1, r = 1,2) satisfy, when the canonical
quantization of the action ([.4) is performed, the relations (h = 1)

{frags} = 0ys, {§T7€8} = {gmgs} =0 . (49)

If we supplement the above anticommutators with the canonical twistorial equal-time com-
mutators, ) )

Dol =i 0 Pan@]] =id 6 (4.10)
which follow from the symplectic twistorial two-form, we can postulate the following for-
mulae for the four complex supercharges describing the algebraic basis of N =2, D =4
supersymmetry algebra

o = re, AP =3
WA et
Indeed, using the canonical commutation relations ([L.9), (f.10) one obtains

{Qg)7 QS)} = Ors Aai Az = Ors P

. L1
{Qg)7Q(ﬁ)} = €rs )\oei )\5 = _E €rs eaﬁM 5

oy - 1 _
e L LA
which reproduces the fermionic sector of the N = 2, D = 4 supersymmetry algebra with a
composite central charge M.

5. The massive D = 4, N = 2 superparticle model with WZ term from
the D = 6 supertwistorial framework

Our lagrangian (B.3) may be written in terms of D = 6 four-component Weyl spinors. We
AT )

A [ M A= 72| . 5.1

< a2 ) 7 Aat (5:1)
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The complex spinors (b.1]) satisfy the D=6 symplectic Majorana reality condition
AA = ersoAdpA (5.2)

where A4 = (A4)* and

0:( 0 Eaﬁ), cT=—_c, (?=-1, (5.3)
—€44 0
is the charge conjugation matrix.

The D = 6 generalization of Pauli matrices can be obtained by replacing in the expres-
sion of the D = 4 Pauli matrices the imaginary unit by the three quaternionic imaginary
units e’ (i = 1,2,3) as follows

LG e

k = 0,i,4,5. Making a similarity transformation ¢’* = Ac*A~1 with A = %(02 + 03)
(A2 =1,A = A™') and using the realization ({.7) in the expression of the o’*, we obtain

six complex 4 x 4 matrices X , 5 in the form

—c' 0 0 1, . [0 —1y
(520 ))

Since CXC~! = ©*, the undotted A and the dotted A indices transform similarly under
SO(1,5) and, unlike in the D = 4 case, there is no metric allowing us to raise and lower
the D=6 Weyl spinorial indices.

Let A™ = A4, Tt follows that®

A () 05 AP = Dai (09)F Ny = V2P,
. 1 _
A (B 5 AP = —E(M + M) =V2p*,
/)

V2

where we have used eqgs. ([[.3) (([.4)) in the first (second and third) expression above and
that M = ps —ips, M = py+ips. This gives the algebraic D=6 zero mass shell condition,

A (59,5 AP = (M — M) = V2p° , (5.6)

pep" = pupt —pi —pE=0. (5.7)

Then, the bosonic lagrangian (P-4) may be now written in a six-dimensional form as the
lagrangian for the D=6 massless particle in a hybrid spinorial /spacetime formulation,

LB = VoA i, 5 AP (5.8)

SSince the ¥’s are now four-dimensional and $= N84 = (=9 -¥°),s=1,...,5, ILDSUNED 3 SIS 2n'k1,
(Mt = diag(1,—1,... — 1)) we define now agp = %ZZBM; pPA = %ZBA *br. As a result, we have
a,pb®* = a-bas for D=4, but now %aABEBA M 1aBAEZB =da* k = u,4,5. The various v2’s

in (@) come from having D=4-adapted factors in egs. (ﬁ)7 (Q) (see footnote 1) within a D=6 context.
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where
1

Fap = 572" a5 (5.9)

and the D=6 zero mass condition (5.7) is built in algebraically.
To supersymmetrize the bosonic lagrangian (p.§) we introduce D=6 superspace with
Weyl-Grassmann spinors. The lagrangian (B.J) is then obtained by the replacement

GBA L, WBA = §BA 94 gB _ g4 §B) (5.10)

where we use the following four-component D=6 Grassmann spinors

601 . e_d
pA = ~1 04 = L. 5.11

The substitution (5.10) may be now written in terms of a pair of two-dimensional D = 4
Weyl spinors as

By — wy = & — (0% (0)ap 0% = 0%(0,)5 05
34 2i 0y, 0°7,
%4 2 04,097 (5.12)

w-
SN
Il

—
—_—

IIB
€l
Il

It may be checked that the supersymmetric lagrangian (B.3) in D = 6 notation can be
written as follows

L5USY — aAA G AP = %kaAEZBAB , (5.13)
where k = 0,1,...4,5 and w* = (w*, 3(® + w), 2@ — w)) and w and & are given in
eq. (B2).

In our model (see (B.3)) or (F.13)) the central charge coordinates z, 2, as well as the dual
central charges M, M, are dynamical variables; however the central charges are constants
on-shell (the field equations are M=M= 0). The static approximation M = M = const.
can be achieved consistently in our first order formulation by the D = 6 — D = 4 reduction

procedure in target space. We set in eq. (5.19))7
pa = ps = const. p3 + p? = m? = const. (5.14)
Putting
p4s=msingp, P5 = MCosp , M =me %, (5.15)

where ¢ is a constant phase, the dimensional reduction £5Y5Y — E%U:Sf gives

LYBY = pwh +im <e‘w Oar 0°7 + €% O, ém) + g(p2 —m?), (5.16)

"See [@, @], for the application of the dimensional reduction procedure to superparticles see [E]*@]
There, one performs the dimensional reduction procedure in target space, in consistency with the on-shell
values of the reduced solutions. Note that there is no need of restricting x4, x5 because in the first order
formalism the only term in the lagrangian depending on these variables becomes a total derivative for
constant p4, ps.
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where the D=4 mass shell condition, eq. (5.7) after using (p.15), is imposed by a Lagrange
multiplier. We further observe that we can set ¢ = 0 because w* is invariant under the
constant phase transformations

0, = €39 0, - e3P Oy (5.17)
Subsequently, we obtain the first order formulation of the D = 4, N = 2 superparticle model

with WZ term introduced by the two of present authors [@] Indeed, after eliminating p,
and e from (B.14) by the algebraic field equations we obtain

E%U:Sf = my/wy wH 417 m(Onr 0°" + 0, é‘”) . (5.18)

The model (p.1§) corresponds to the case where the central charge is represented
by a constant real mass parameter. It is worth stressing here that the equality of pa-
rameters m in front of the first (Nambu-Goto-like) and second (WZ) term in the La-
grangian (f.1§) corresponds in our two-supertwistor model to the equality of the numerical
coefficients in front of the two terms in (B.27), necessary for the invariance under the local
r-transformations ([.§) in two-supertwistor space. In the N = 2 superspace formulation,
the equality of the ‘bosonic’ and ‘fermionic’ masses in the two terms of the lagrangian (b.1§)
allows as well for the invariance under the k-gauge transformations (B.1¢), (B.19), which
are necessary to balance the number of fermionic and bosonic degrees of freedom in the

p=0 super-p-brane model, as it is the case for extended objects in general [

6. Discussion

We have considered here the supertwistorial formulation of D=4 superparticles with mass
and N = 2 supersymmetry. Our interest in the massive case is due to the fact that it is
the massive superparticle model with WZ term [[L§], rather than the massless one, which is
the pointlike p=0 analogue of the extended p > 0 super-p-branes. By constructing a model
with two N = 2, D = 4 supertwistors we have been able to study the appearance of both
the WZ term and the fermionic s-transformations in a (super)twistorial framework.

It is known that massless superparticles with N-extended supersymmetry can be de-
scribed by a single N-extended supertwistor Z = (\y, @, 7,) with N complex Grassmann
coordinates 7., 7 = 1...N. The degrees of freedom of one superstwistor are invariant
under r-transformations i.e., for massless superparticles the coordinates of the single su-
pertwistor already describe the ‘physical’ degrees of freedom. Thus, since the N-extended
D = 4 superspace contains 2N complex Grassmann coordinates 0, (« = 1,2, 7 =1,... N),
the equivalence between the supertwistorial and the superspace formulations of the mass-
less superparticle requires the removal of half of the odd superspace degrees of freedom by
means of the fermionic gauge s-transformations [[L§, [[d].

However, if we wish to describe a D=4 massive superparticle in a supertwistorial
approach, we necessarily need at least two supertwistors to allow for a non-vanishing
mass [, B, f, fl-[1J). In this paper we have considered the N = 2 supersymmetry case
using for two D = 4 supertwistors, which give rise to a supertwistorial WZ term and to the
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k-gauge transformations. Indeed, it turns out that the number of Grassmannian degrees of
freedom of our supertwistorial model is the same as in N=2 superspace (see egs. (B.23)),
and thus the familiar local fermionic transformations of the superspace framework must
appear as well in the purely two-supertwistorial description.

In order to obtain the s-invariant formulation of our model we observe that two N = 2,
D = 4 supertwistors can be obtained from a single N = 1, D = 6 supertwistor provided
that the odd D = 4 supertwistor coordinates satisfy the SU(2)-Majorana reality condi-
tion (eq. ((.3)). One can conclude therefore that our k-transformations account for the
degrees of freedom that disappear when we use such a pair of constrained D = 4 complex
supertwistors, equivalent to the single D = 6 supertwistor with associated quaternionic
geometry.

N(N-1)
2

parameters corresponding to as many complex central charges (i =1... N > 2) [9
{ Zoquﬁ} = 5ZJ Paﬁ 9
{ ?yQZg} = €ap =Y ) { 7?&7@?‘;} = EdB =8 ’ (61)

where 2 = —Z7% is the complex N x N skewsymmetric matrix of generators of the central

For the D=4, N-extended supersymmetry case one can introduce mass-like

charges . To introduce in a supertwistorial formalism all possible massive parameters as
independent spinorial bilinears, one can generalize the relation Z = M (eq. ([L.§)) to allow
for antisymmetric charges as follows

B = —Eloc AN i j=1,...N (6.2)

(cf. (L.4)). For such a purpose N independent copies of N-extended supertwistors ([.7)
are needed, with N? complex fermionic degrees of freedom®. Superparticle models charac-
terized by having several mass-like parameters corresponding to the central charges (f.9)
are not known, but by generalizing of our two-supertwistor framework one may guess how
to construct a supertwistor lagrangian in terms of N > 2 copies of N-extended super-
twistors. One of the primary tasks in building such a model in D=4 would be to describe
the corresponding generalized k-transformations which would require the maximal number
N(N — 1) of odd complex parameters.

The most interesting case one could study is that of a D = 4, N = 4 model with 12
k-gauge odd parameters. If we could introduce four D = 4 supertwistors with suitable con-
straints to describe the degrees of freedom of an octonionic N = 1, D = 10 supertwistor [E],
the k-invariant formulation would determine the corresponding N = 4, D = 4 supertwistor
dynamics with octonionic structure®.

We conclude by mentioning that, recently, there has been a renewed interest in twistor
theory and in the general Penrose programme as a result of the applications of twistors

8Gince for D=4 there are two linearly independent constant spinors, the N > 2 case is useful for D > 4
(the number of components of a Dirac spinor grows as 2[%]).

In such a formalism a single octonion coordinates spanning R® would be described by four complex
split octonionic units (see e.g. @]) It is unclear, however, whether the problems associated with non-
associativity can be avoided.
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and supertwistors in various modern contexts as e.g., in the analysis and computation of
N=4 Yang-Mills amplitudes [Bd, B1], in various (super)string models [BJ, B3-B4] or in
connection with an algebraic description of the BPS states in M-theory [B§]. One may
assume, therefore, that the study of dynamical multi-supertwistorial models is a useful
step towards a further application of (super)twistorial ideas to fundamental interactions
formalisms.
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